We propose theoretically a scheme to couple a nanomechanical resonator to a diatomic molecule via a microwave cavity mode of a driven LC resonator. We describe the diatomic molecule by a Morse potential and derive the corresponding equations of motion of the hybrid system by using Fokker-Planck formalism. The analytical expressions for the effective frequency and the effective damping of nanomechanical resonator are obtained. We analyze the ground state cooling of the nanomechanical resonator in the presence of a diatomic molecule. The results confirm that the presence of molecule improves the cooling process of the mechanical resonator. Finally, the effect of molecule parameters on the cooling mechanism is studied.
I. INTRODUCTION
In optomechanical systems, radiation pressure acts on an oscillating mirror, which induces an interaction between the mechanical system and the optical field. The coupling of mechanical and optical degrees of freedom via radiation pressure has been employed for a wide range of applications, such as the cavity cooling of microlevers and nanomechanical resonators to their quantum mechanical ground states [1] [2] [3] [4] [5] [6] [7] [8] .
Activity in this field started with experimental observations of optomechanical cooling first using feedback [9] , and later using an intrinsic effect [10] . Aside from optomechanical cooling, electronic cooling was also studied. For instance, schemes have been proposed to replace the optical cavity by radio frequency circuits [11] or a one-dimensional transmission line resonator [12, 13] .
Very recently, various schemes have been also proposed in order to couple mechanical resonator to other systems [14] including single atoms [15] [16] [17] [18] [19] , atomic ensembles [20] [21] [22] [23] , ions [24] , molecules [25, 26] , and electrons [27] . In this direction, as is shown in Ref. [20] , the presence of an atomic ensemble effectively enhances the radiation pressure of the cavity field on the oscillating mirror. However, a theoretical description of the motion of mechanical resonator based on the capacitive coupling of the resonator with a superconducting coplanar waveguide, was discussed in Ref. [28] , which focused on studying the entanglement between mechanical resonator and transmission line resonator without considering the cooling of mechanical resonators. Since the quantized electric field of a resonator circuit can be easily coupled to ions [29] and atoms [30] , then the direct coupling among the electrical circuits and mechanical resonator also utilizes a new way for coupling mechanical resonators either to two-level systems and to ions [14] and open new opportunities for coupling mechanical resonators to the dipole moment of the diatomic molecules. The diatomic molecules usually can be described by a nonlinear Morse potential. The interaction between a weakly nonlinear Morse oscillator to quantized intracavity field was also studied in Refs. [31, 32] . The authors used the Jaynes-Cummings like interaction among molecule and electric field in which the dipole of the molecule interacts with electric field of the cavity mode.
Motivated by the above mentioned studies, the basic study here is a Morse oscillator, the simple diatomic molecular system with non-equidistant multi-level states, coupled with a nanomechanical resonator via a microwave cavity mode of a driven superconducting LC resonator. Both the dynamics of the nanomechanical oscillator and the properties of microwave field are modified through this interaction. The purpose of this paper is to investigate the effect of presence of a diatomic molecule on the cooling of mechanical resonator. The Morse oscillator is assumed to be weakly non-linear, and attains an equilibrium with the driving field through the effect of radiation damping only. We omit all other relaxation processes and neglect the wave mixing effects from the present analysis. We derive an exact second-order Fokker-Planck equation for the hybrid system. The Fokker-Planck equation can be converted into an equivalent set of first-order stochastic differential equations, which can be used for studying the cooling of mechanical resonator.
The paper is structured as follows: In Sec. II, we present a hybrid system composed of a microwave cavity mode, a nanomechanical resonator, and a diatomic molecule. In Sec. III, the stochastic equations corresponding to the Fokker-Planck equation is obtained by Itô's rule. In Sec. IV, we investigate the effective frequency and the effective damping parameter of the mechanical oscillator. In Sec. V, the ground-state cooling of the nanomechanical resonator is discussed. Finally, a summary and concluding remarks are given in Sec. VI.
II. SYSTEM MODEL AND HAMILTONIAN
In this section, first we shortly discuss about the Hamiltonian of a diatomic molecule, then we find the Hamiltonian of a hybrid system in which a nanomechanical resonator couples to a diatomic molecule via a microwave cavity mode.
A. Morse potential
It is well known that the interaction between atoms in a diatomic molecule can be described by anharmonic Morse potential [33, 34] . The Morse potential can be expressed as [33] 
where r is the inter-nuclear distance between the atoms, r e is the equilibrium bond distance, D e is the well depth (defined relative to the dissociated atoms), and a = ω e µ/2D e is related with the range of the potential which identifies by reduced mass µ and fundamental vibrational frequency ω e . The Schrödinger equation for the Morse potential is exactly solvable, giving the vibrational eigenvalues
where ν = 0, 1, 2, ..., ν max . Unlike the harmonic oscillator, the Morse potential has a finite number of bound vibrational levels, with ν max 2D e /ω e . Since the dynamics do not change under a constant shift in potential energy, the equation for Morse potential can be rewritten by adding or subtracting a constant value
The Eq. (3) approaches zero at infinite r and equals −D e at its minimum. This shows that the Morse potential is the combination of a short-range repulsion and a longer-range attractive tail. The Hamiltonian of a diatomic molecule can be obtained by adding the kinetic term to potential in Eq.(3). In addition, Eq.(3) plus kinetic energy can be rewritten in the term of the ladder operators S ± and the operator S 0 [33]
where the operators S ± and S 0 satisfy the following commutation relations
and we have defined the vibrational frequency ω p = a 2 2µ which gets values from GHz ( for molecule K 2 ) to T Hz(for molecule H 2 ) [35] .
B. Hamiltonian of the Hybrid system
Now, we are in a position to introduce the hybrid system sketched in Fig. 1 . A single diatomic molecule, described by a Morse potential with transition frequency ω p , is confined within a microwave cavity in the form of LC circuit. A nanomechanical resonator is also coupled to the central conductor of the microwave cavity via a capacitance C(x) = C 0 (1 − x(t)/d). The microwave cavity can be modelled as a single-mode LC resonator with frequency ω f = 1/ √ LC, where C and L are the overall capacitance and inductance, respectively. The nanomechanical resonator is modelled as a harmonic oscillator with a frequency ω m and effective mass m. The cavity is driven by an external microwave field at a frequency ω 0 , where the coherent driving of cavity is given by the electric potential
). The Hamiltonian of the hybrid system is then [28] 
Here, x and p x are the canonical position and momentum of the mechanical resonator, Φ and Q denote the canonical coordinates for the microwave cavity with inductance L and capacitance C and U int is the interaction potential of the molecule and a microwave cavity mode. By expanding the capacitive energy around the equilibrium position of the resonator at d as a Taylor series and by using the annihilation(creation) a (a † ) operator of the microwave field ([a, a † ] = 1), the Hamiltonian (6) can be rewritten as
where
,
with (q = mω m / x, p = p x / √ mω m ) as the dimensionless variables and canonical operators of the mechanical resonator. The dipole of the molecule can interact with the electric field of the capacitor of the microwave cavity. The interaction of a radiation field | E| = E x Q /(C 0 d) with a dipole of the diatomic molecule can be described by the following Hamiltonian in the dipole approximation [29, 30] 
where V gives the voltage between the plates of capacitance,x is the unit vector in the direction of x axes and ℘ ij = e i| r|j is the electric-dipole transition matrix element of the diatomic molecule. Note that we approximately ignored the direct interaction of the molecule to the motional degree of freedom of the mechanical resonator due to dependence of the capacitance to the position of mechanical resonator, i.e., C(x) C 0 . We now quantize U int by using Eq. (8) . The interaction potential of the molecule-cavity field becomes
where |g| =
in which we assumed | ℘ 12 | = | ℘ 21 | also we have defined S + = S 2,1 and S − = S 1,2 .
In an interaction picture with respect to ω 0 (a † a + S 0 ), and after neglecting the terms oscillating at ±ω 0 and ±2ω 0 , the Hamiltonian of the system is given by
where ∆ 0f = ω f − ω 0 and ∆ 0p = ω p − ω 0 are the cavity and Morse potential detuning, respectively. We have used the quantized form of q and p in which
) are creation and annihilation operators of mechanical resonator excitations, respectively. The first line of the Hamiltonian (12) describes the free evolution term of the microwave cavity, the nanomechanical resonator, and the molecule, respectively. The term ω p S − S + contains the nonlinearity of the diatomic molecule. In the second line of the Hamiltonian (12), the first term describes the coupling between the microwave field with the nanomechanical resonator and the second term shows the dipole interaction of the molecule with a microwave cavity mode. Finally, the last line describes the input driving of the cavity mode by an external microwave field with the coupling strength 0 = 2γ f P/ ω f , where γ f is the decay rate of cavity and P is the microwave drive power.
III. DYNAMICS OF THE SYSTEM
In this section first by using master equation we derive the stochastic equations of motion then by linearizing these equations around their steady state points we find a set of linear equations which describe the dynamics of the system.
A. Master equation
The master equation for the density operator of the system under Born-Markov and rotating-wave approximations is given by:
The Liouville terms representing the interaction of the field(L f ), molecule, and mechanical resonator(L m ) with the heat bath are given by:
where γ m and γ p are the damping rates of the mechanical resonator and molecule, respectively. We have also defined
where T is the temperature of the bath. In order to study dynamics of the system we need to solve the master equation (13) . For this purpose, it is desirable to convert the master equation (13) to the c-number Fokker-Planck equation
The above Fokker-Planck equation is equivalent to the following set of Ito stochastic differential equationṡ
where Γ i are the Gaussian random variables with zero mean and correlations
B. Linearization of the Equations of Motion
The dynamics of the system under study are also determined by the fluctuation-dissipation processes affecting the microwave, molecule and mechanical resonator modes. They can be taken into account in a fully consistent way by consideration of nonlinear Eqs. (17) . The system is characterized by semi-classical steady states
where α s , ζ s , and β s are the steady states of the cavity, the molecule, and mechanical resonator modes, respectively. We have defined the effective cavity detuning as ∆ f = ∆ 0f − G 0 (β s + β * s ) and ∆ p = δ p + 2ω p ζ 0s is the effective detuning of the molecule.
As evident from Eq. (17), the dynamics of the system are described by a set of nonlinear equations which can be linearized by writing each canonical parameter of the system as a sum of its steady state mean value and a small fluctuation value [36] , i.e., α = α s + δα, β = β s + δβ, ζ = ζ s + δζ, and ζ 0 = ζ 0s + δζ 0 . By substituting these operators into Eq. (17) and retaining only the first-order terms of fluctuations, the stochastic equations of motion are obtained
where the quadrature fluctuations are defined as u = (δq, δp, δX f , δY f , δx m , δy m , δζ 0 ) T and δq ≡ (δβ + δβ
We have also defined the elements of the noise matrix
The drift and diffusion matrices are also given by
where new variables have defined in Eq. (A1).
IV. EFFECTIVE FREQUENCY AND EFFECTIVE DAMPING PARAMETER OF THE MECHANICAL RESONATOR
This section is devoted to evaluating the effective frequency ω ef f and the effective damping rate γ ef f of a mechanical resonator in the presence of a diatomic molecule. By solving the linearized Eq. (20) for the fluctuations in the displacement operator of the mechanical resonator, we obtain
where F T (ω) is the Fourier transform of the total noise acting on mechanical resonator and χ(ω) describes the effective susceptibility of mechanical resonator, given by
The mechanical susceptibility can be considered as the susceptibility of an oscillator with an effective resonance frequency and effective damping rate, given by
and
where the explicit expressions for the parameters Λ, Λ , Ω T , Γ T , Ω X , Γ X , Ω X , Γ X , Ω Y , and Γ Y are given in Appendix B. It is evident that in the absence of the molecule, i.e., γ p = g = 0, and ∆ p = ω p = 0, the effective frequency (Eq. 25) and the effective damping parameter (Eq. 26) reduce to the corresponding parameters in the standard optomechanical system [37] . Fig. 2 shows the normalized effective frequency as a function of the normalized system response frequency ω/ω m at ∆ p /|ζ 0s | = −ω m in the presence and absence of the molecule in a case of ζ 0 = −1. The cavity damping is assumed to be γ f = 0.4ω m , while the other parameters are [38] P = 5mW, ω m /2π = 10MHz, m = 10ng, Q = 50 × 10 4 , d = 100nm, β = 0.013, γ a = 0.8ω m and g = 5kHz. We see that the presence of the molecule potentially increases the effective frequency and damping of the mechanical resonator. The significant increase in the effective mechanical damping rate is the basis of the cooling process; by increasing the effective damping rate, we can approach the ground state. Further information is found in Fig. 3 , which shows the influence of the molecule-field coupling rate g on the effective frequency and damping rate. This figure confirms that, by increasing the parameter g, both parameters ω ef f and γ ef f increase.
V. GROUND STATE COOLING OF THE NANOMECHANICAL RESONATOR
In this section, we study the ground state cooling of a mechanical resonator coupled to the diatomic molecule in the steady state. The steady state associated with Eq. (20) is reached by using the Routh-Hurwitz criterion [39] . The FIG. 4: (Color online) The effective mean excitation n ef f versus the normalized effective detuning ∆ f /ωm in the initial reservoir temperature T = 0.2K for different values of (a) the cavity damping rate γ f = 0.1ωm and γ f = 0.3ωm (b) the driven power P = 5mW and P = 8mW. The molecular detuning has been fixed at ∆p/|ζ0| = −ωm, while the other parameters are ωm/2π = 10MHz, m = 10ng, Q = 50 × 10 4 , d = 100nm, β = 0.013, and g = 10kHz.
mean energy of a mechanical resonator in the steady state is
where V 11 and V 22 are the first and second diagonal components of stationary correlation matrix
where M (t) = exp(At) and D(s − s ) is the diffusion matrix given by Eq. (22) . The ground state is approached for Fig. 4(a) we have plotted the effective number of mechanical resonator excitations n ef f as a function of the normalized cavity detuning ∆ f /ω m for two different values of the cavity damping rate γ f in ∆ p /|ζ 0 | = −ω m . We have assumed an experimental situation [38] representing a mechanical resonator with vibrational frequency ω m /2π = 10MHz and mass m = 10ng with quality-factor Q = 50 × 10 4 . The microwave cavity is assumed to work in frequency ω f /2π = 10GHz which is driven by a microwave source with power P = 8mW. The coupling between cavity and mechanical resonator is determined by the parameters d = 100nm and β = 0.013. We also have considered molecule K 2 with ω e = 17T Hz, D e = 8.1 × 10 −20 J, ω p /2π = 90GHz [35] , and g = 10kHz. Fig. 4 (a) shows that decreasing the cavity damping improves the cooling process for mechanical resonator. Figure 4(b) indicates the effect of the laser power P in the ground state cooling of mechanical resonator. It is evident that the lower mechanical resonator excitation is approached in the higher values of the input power. A more interesting situation is depicted in Fig. 5 which compares n ef f in presence and absence of the molecule. This figure reveals that presence of the molecule potentially could improve the cooling process for mechanical resonator. This figure is depicted for situationζ 0 = 0 which corresponds to the last line of Eq. (17) . However, the excitation probability of a single molecule is usually assumed to be low i.e., ζ 0 = constant orζ 0 0. This is valid in the low molecular excitation limit, i.e., when the molecule is initially prepared in its ground state and interaction with the cavity field does not effectively change the molecule excitation. This means that the single-molecule excitation probability should be much less than 1, i.e., g
In this regime, one can assumeζ 0 0, which is equivalent to ignoring the last differential equation in Eq. (17) . In Fig. (6) we have plotted n ef f versus the normalized detuning ∆ f /ω m for two different scenariosζ 0 0 andζ 0 = 0. It is interesting that, in the case of the low molecular excitation limit(ζ 0 0), one can reach lower temperature for mechanical resonator. In principle, this approximation is identical with the bosonization method proposed for atoms [23] . Now, we investigate the effect of the molecule parameters on the cooling of mechanical resonator in the low molecular excitation regime. The effective temperature of mechanical resonator T ef f = ωm kBln(1+1/n ef f ) versus the normalized cavity detuning ∆ f /ω m and the molecule-field coupling rate g is depicted in Fig. 7(a) . As is expected, the stronger coupling among the intracavity mode and the molecule leads to a lower temperature for mechanical resonator. Figure  7 (b) shows T ef f versus the molecule damping and parameter ω p = a 2 /2µ in the fixed cavity detuning ∆ f = ω m . This is interesting to mentioned that for γ p 0.1ω m by increasing the parameter ω p , which indicates the strength of molecule nonlinearity, the effective temperature decreases. However, the lowest mechanical resonator temperature is approached around γ p 0.25ω m . On the other hand, for γ p 0.1ω m , increasing the parameter ω p suppresses the cooling process for mechanical resonator.
Finally, Fig. 8 shows the effective temperature T ef f versus ∆ f /ω m in the presence of three different types of the diatomic molecules HCl, HI, and NO. Each molecule is indicated by parameter ω e / √ 2D e , which is proportional to the range of mechanical resonator. Here, ω e / √ 2D e = 4.7 × 10 23 for HCl, ω e / √ 2D e = 4.41 × 10 23 for HI, and ω e / √ 2D e = 2.5 × 10 23 for NO [35] . It is evident that by increasing the value of ω e / √ 2D e , which increases the width of potential well for constant µ, we achieve a lower temperature for mechanical resonator. We note that one of the realizations of diatomic molecules are in DNA molecules [40] . It is well-known that a DNA molecule consists of two compatible chains. Chemical bonds between neighbouring nucleotides belonging to the same strands are strong covalent bonds, while nucleotides at a certain site n, belonging to the different strands, are connected through weak hydrogen interaction [41, 42] . Interaction between nucleotides at the same site belonging to different strands is modelled by a mechanical resonator energy.
VI. SUMMARY AND CONCLUSIONS
In this work, we have proposed a theoretical scheme for the realization of tripartite coupling among a single mode of a microwave cavity, a single diatomic molecule, and a vibrational mode of a nanomechanical resonator. We have shown that, by describing the diatomic molecule with a Morse potential, a type of tripartite molecule-mechanical resonator-field coupling can be manifested. The dynamics of the hybrid system is studied by using the Fokker-Planck equation. We have focused our attention on the steady state of the system, and, in particular, on the stationary quantum fluctuations of the system. By solving the linearized dynamics around the classical steady state we have derived the effective frequency and the effective damping parameter for the mechanical resonator. We have seen that, in an experimentally accessible parameter regime, the presence of a molecule modifies the effective frequency and the damping rate of the mechanical resonator. Moreover, we have studied the cooling of the nanomechanical resonator and have shown that the presence of the diatomic molecule improves the efficiency of the cooling mechanism for the mechanical resonator. We found that by increasing the coupling constant between the molecule and cavity field, the effective temperature of the mechanical resonator decreases. We have also discussed about the effect of molecular parameters on the temperature of the mechanical resonator. We have shown that, by increasing the molecule parameter ω e / √ 2D e , one can reach lower temperatures for nanomechanical resonators. The realization of such a scheme will also open new opportunities for coupling between mechanical resonators and diatomic-like molecules such as DNA.
